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This article is concerned with second-order quasilinear equations (not necessarily 
elliptic) in two independent variables of the form div[ p(x, u, grad u)grad u] = 0. For 
Dirichlet (or Neumann) problems on a semi-infinite strip, with non-zero data on one 
end only, differential inequality techniques are employed to establish exponential 
decay estimates for quadratic (“energy”) integrals and to obtain pointwise estimates. 
The results have application to Saint-Venant principles for nonlinear elasticity and 
compressible fluid flows as well as to theorems of Phragmen-Lindelof type. 
1. INTRODUCTION 
Spatial decay estimates for solutions of linear and nonlinear elliptic 
partial differential equations have been the subject of intense investigation 
in recent years. These studies were motivated by a desire to establish 
versions of Saint-Venant’s principle in linear and nonlinear elasticity. The 
results may also be viewed as giving rise to theorems of Phragmen-Lindelof 
type. 
A review of recent work on Saint-Venant’s principle is given in [l], while 
earlier results in the linear theory of elasticity are described in [2]. Recently 
some attention has been focused on results for second-order quasilinear and 
nonlinear elliptic partial differential equations on semi-infinite strips with 
non-zero data on one end only [3-91. In particular, such a Dirichlet problem 
for the minimal surface equation has been treated in [4-61. Two main 
techniques have been used to obtain spatial decay estimates in both linear 
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and nonlinear problems (see, e.g., [l]). The most widely applicable is an 
“energy” method using differential inequalities for quadratic integrals lead- 
ing to exponential decay estimates. Pointwise estimates are derived using 
higher-order energies or Sobolev inequalities. The second method, applica- 
ble only to second-order equations, makes use of comparison (or maximum) 
principles. The latter technique has been employed in treating the minimal 
surface equation in [5,6], as well as a class of second-order quasilinear 
elliptic equations arising in finite elasticity [8,9]. 
In this paper, an energy method is employed to establish exponential 
decay estimates for a wide class of second-order quasilinear equations (not 
necessarily elliptic). Results for the minimal surface equation and for several 
other equations of interest in nonlinear elasticity and compressible fluid 
flow are included. 
We are concerned specifically with second-order quasilinear equations in 
two independent variables of the form 
[P(w4V+o],, = 0, (14 
where the usual summation convention is employed with subscripts pre- 
ceded by a comma denoting partial differentiation with respect to the 
corresponding Cartesian coordinate. We consider a Dirichlet problem for 
(1.1) on the semi-infinite strip R = {(x1, x2))o < x2 < h, xi > 0} and 
assume the existence of solutions u E C2(R) n C’(R) satisfying (1.1) on R 
subject to the boundary conditions 
u(x,,o) = 0, U(Xl, h) = 0, Xl 2 0, (1.2) 
24, 2.4, o1 + 0 (uniformly in x2) asx, + cc, 0.3) 
4% x2) = fb2), OlX,lh, (1.4) 
where the prescribed function f is sufficiently smooth and satisfies f(0) = 
f(h) = 0. 
It will become clear from the nature of our proof that the energy decay 
estimates established here could actually be obtained for appropriately 
defined weak solutions and that the assumptions on the behavior of u and 
u,, as xi + cc could be weakened. However, since we shall subsequently be 
concerned with decay estimates for various solution norms as well as 
pointwise estimates, we shall confine our attention to classical solutions 
which possess the assumed behavior as xi --, cc. 
For a rather general class of functions p(x, U, VU), we establish a 
Phragmtn-Lindelof-type principle. Thus, for classical solutions of 
(l.l)-(1.4), we show that the energy 
E(z) = / plvu12dA 0.5) 
R; 
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contained in the subdomain R, = {(x1,x2)10 5 z -C x1 c 00, 0 < x2 < h} 
has exponential decay in z, provided that the total energy E(0) = E,, is 
finite. The exponential decay rate is characterized explicitly in terms of the 
function p and the strip width. 
The hypotheses that we make concerning p may be conveniently sep- 
arated into two cases. It is assumed that there exist positive constants 
m,, M, and non-negative constants K, (a = 1,2) such that, for all solu- 
tions u of (l.l)-(1.4) on R, we have either 
Case 1. 
0 < ml I p I Ml + K,q2p, (1.6) 
or 
Case 2. 
0 < m2 I p-’ I M2 + K,q2p, 04 
respectively. Here we have introduced the notation q2 = 1 vu12. The as- 
sumptions (1.6) (or (1.7)) provide restrictions on the behavior of p for small 
and large values of q 2. Without some such restrictions, one would not 
expect exponential decay of solutions of (l.l)-(1.4). We observe that neither 
(1.6) nor (1.7) requires that Eq. (1.1) be elliptic, that is, that for all solutions 
u and at all points of R, 
p + 2p’q2 2 0, (p’ = Sp/6q2). (1.8) 
The last terms on the right of (1.6) and (1.7) may look rather artificial If, 
for instance, p were a bounded function of its arguments, then K, in (1.6) 
could be taken to be zero. Roughly speaking, the first term on the right in 
(1.6) provides a bound on p as q + 0 and the second term gives a bounding 
function for p as q + cc. A function p for which (1.6) holds is 
p = 1 + 42. 0 -9) 
In this case, we may take m, = 1, M1 = 1, and K, = 1. A similar role is 
played by (1.7). For instance, if 
p = (1 + qy2, (1.10) 
in which case (1.1) is the minimal surface equation 
(1 + 4b4.11 - 2~,,~,2U,,2 +(1 + $$4,22 = 0, (1.11) 
then (1.7) is satisfied again with m2 = 1, M2 = 1, and K, = 1. 
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The plan of the paper is as follows: In the next section, we establish our 
main result, an exponential decay estimate for the energy (1.5) in either 
Case 1 or Case 2. Section 3 is concerned with decay estimates for solution 
norms other than the energy (1.5) as well as pointwise estimates. An energy 
estimate which is sharper than that of Section 2 is also established. For 
simplicity of exposition, all of these results are described for Case 1 only. In 
Section 4, we show how the results of Section 2 can be carried over to the 
Neumann problem. Applications to problems in nonlinear elasticity and 
compressible fluid flows are also described in Section 4. 
2. ENERGY DECAY ESTIMATES 
THEOREM 1. Let u E C*(R) n C’(R) satisfy (l.l)-(1.4). Thenfort 2 0, 
(2.1) 
where cr = 1 or 2 in Cases 1 or 2, respectively. Here the estimated decay rate 
k, is given by 
k, = m,r/M,h (ff = L2), (2.2) 
while E, = E(0) denotes the total energy (assumed jinite) contained in the 
semi-injinite strip R. 
Proof The result (2.1) is established conveniently in two stages. First, 
we derive the differential inequality’ 
with 
E’(z) + 2K,(Z)E(Z) IO, z 2 0, (2.3) 
Ku(Z) = m,m 
B,(z) 
(a = L2), 
where 
I / 
h 
p dx, (Case 1) 
Ba(z) = 
J 
ho 
p-l dx, (Case 2). 
0 
(2.4) 
(2.5) 
‘The prime denotes differentlatlon with respect to I 
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The inequality (2.3) may be immediately integrated to yield 
The second stage of the proof consists of using the different hypotheses (1.6) 
or (1.7) in Cases 1 or 2, respectively, to obtain bounds for /;K,({) d{ in (2.6) 
leading to the result (2.1). 
The derivation of (2.3)-(2.5) proceeds as follows: If L; denotes the line 
segment x1 = z, 0 I x2 I h, we find, on using the divergence theorem and 
(1.2) (1.3) that 
E(z) = - jLmpuul dx,. (2.7) 
Direct differentiation of (1.5) gives 
E’(Z) = -j- pIvu12dx2. 
L 
(2.8) 
Thus, for any positive function K,(Z) we have 
E’(Z) + 2’5&)‘5(4 = -/I-[ p(Vu12 + 2K,(+4 dxl. (2.9) 
Our object now is to show that the right-hand side of (2.9) is negative for 
the choice of K~(z) given in (2.4) (2.5). On completing squares in (2.9) it 
follows that 
E’(z) + 2K,(Z)E(Z) I -&Z4fz - K&u’) dx,. (2.10) 
The key element in the remainder of the derivation of (2.3)-(2.5) is the use 
of the inequalities 
pu2 dx, 
in Case 1 (with B,(z) given by (2.5),) and 
J 
7T2 
puf,dx, 2 - 
L B;(Z) L~p-1u2dx2 J 
(2.11) 
(2.12) 
in Case 2 (with B2( z) given by (2.5),). Assume for the moment he validity 
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of (2.11) (2.12). Then, in Case 1, we write (2.10) as 
E’(Z) + 2K,(Z)E(Z) I -/, (+ - K;&) dX, (2.13) 
i 
and use (2.11) as well as the~fact that p 2 m, to obtain 
E’(Z) + 2K,(Z)E(Z) 5 - z - K;(Z) LpU2dX2. 
i 
(2.14) 
1 I 
The right-hand side of (2.14) is identically zero if K~(z) is chosen according 
to (2.4), (2.5). This would then verify (2.3) in Case 1. In Case 2, we use 
(2.12) directly on the right-hand side of (2.10) to get 
a??(Z) + 2K,(Z)i?(Z) 5 - (2.15) 
On using p-’ 2 m2, it follows from (2.15) that (2.3) holds, with K~(z) given 
by (2.4~ (2.5),. 
Thus to complete stage one of the proof of Theorem 1, it remains to 
establish the inequalities (2.11), (2.12) in Cases 1 and 2, respectively. In Case 
1, we make the change of variable, for fixed x1, 
so that dt = pdx,. Thus 
J apu2dx2 = / %‘(t) dt. 0 
(2.16)2 
(2.17) 
By virtue of (1.2) it follows that u(0) = 0, u(B,) = 0, and thus we have the 
well-known inequality (see, e.g., [lo, p. 1851) 
(2.18) 
But 
du dx, 1 
yji = u.27 = 7.2 
and hence, on using (2.17), we obtain (2.11) as desired. In Case 2, for xi 
*Here we regard p evaluated on a solution u as a function of .x1 and x2. 
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fixed, we use the change of variable 
so that dt = p-’ dx,. Thus 
J 
h 
p-‘u2dx2 
0 
= /oB2u2( t) dt. 
(2.19) 
(2.20) 
Again, on using (1.2), we have u(O) = 0, u(B2) = 0 so that 
(2.21) J 0 
But 
du dx, 
x = u’2x = PU,, 
and therefore (2.21), (2.20) yield (2.12) as desired. 
We now proceed to show how the estimate (2.1), (2.2) follows from (2,6), 
(2.5), and (2.4). In Case 1, (2.4), (2.5) yield 
Using the choice 
P(z) = (ihpdx2)-1’2, Q(z) = P(z)-’ (2.23) 
(2.22) 
in the Schwarz inequality 
( fiQd[j2 5 ~2dS~zQ2d{ 
gives the lower bound 
(2.24) 
(2.25) 
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On using the upper bound (1.6) for p in Case 1, we thus obtain from (2.25) 
m,7rz =-- Tyo(, I wP)-1 
Wh 
m,az 
tM,h- 
mm,K,Eo 
M=h= . 1 
(2.26) 
Substitution from (2.26) in (2.6) yields the desired result (2.1), (2.2) in Case 
1. In Case 2, (2.4), (2.5), give 
J 
h dl 
P-I dx, ’ 
0 
(2.27) 
and so, by Schwarz’s inequality 
(2.28) 
On using the upper bound (1.7) for p-l in Case 2 in (2.19) one proceeds 
exactly as in Case 1 to obtain the result (2.1), (2.2) in Case 2. This completes 
the proof of Theorem 1. 
We note that the basic energy decay estimate involves the total energy E, 
contained in R. In Appendix A, we show how this quantity may be 
estimated in terms of the boundary data, thus rendering the bound (2.1) 
fully explicit. 
We wish to remark here that an energy estimate of the form (2.1), with a 
faster estimated decay rate than (2.2) may be obtained if the hypotheses 
(1.6) or (1.7) on p are strengthened. At the end of Section 3, we will 
establish such a result in Case 1 under the additional assumptions that 
p = p(q2) only and that (1.1) is uniformly elliptic (see Eq. (3.9) below). In 
this case, the estimated ecay rate corresponding to (2.2) is given by 
(2.29) 
To see that one might expect the decay rate to have (m,/M,)‘/2 as a 
multiplicative factor rather than ml/M,, suppose that p is uniformly 
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bounded so that 
m,Ip5M,onR. (2.30) 
This may be viewed as the special situation in Case 1 where K, can be 
chosen to be zero. From the inequality (2.10) in the proof of Theorem 1, on 
using (2.30) we obtain 
E’(z) + 2kE(z) I - /, ( mlu$ - k2M,u2) dx,, 
AZ 
(2.31) 
for any positive constant k. Since u vanishes at the end-points of L,, we 
have 
J 
7T2 
u$dx2 2 - 
/ h2 L, 
u2dx2. 
L 
(2.32) 
On using (2.32) in (2.31). we readily obtain the differential inequality 
E’(z) + 2kE(z) I 0, (2.33) 
where k is chosen according to (2.29). Integration of (2.33) yields the energy 
decay estimate 
E(z) I E,e-2k’, z L 0, (2.34) 
with k given by (2.29). 
3. CROSS-SECTIONAL AND POINTWISE ESTIMATES 
The energy decay estimates derived in Section 2 may be regarded as 
providing weighted mean-square estimates on R, for first derivatives of 
solutions of the Dirichlet problem (l.l)-(1.4). Other mean-square bounds, 
as well as pointwise estimates, may be obtained from these basic results. For 
simplicity in what follows, we shall discuss these additional bounds for Case 
1 only. Firstly, on using (1.6), it follows immediately that 
J IV~l~d-4 5 E(z)/m,. (3.1) R: 
Similarly, on using (1.6) and the inequality 
/ 
h2 
u2dx2 I - 
J u:dx2 L 112 L; 
(3.2) 
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we find 
J h2 u2dA5-- R: J IT2 R; U;dAI-- h2 E(z). r2ml (3.3) 
Thus the energy decay estimate (2.1) in Case 1 may be used on the 
right-hand sides of (3.3) and (3.1) to yield mean-square stimates for u and 
its first derivatives on Rz. 
Mean-square estimates on the cross-section L, (rather than on R,) may 
also be obtained. The cross-sectional estimate analogous to (3.3) is readily 
found. Thus, we have 
J u2dx2 = - L 
(3.4) 
by virtue of Schwa&s inequality. Hence, in Case 1, on using the left hand 
side of (1.6) and (3.2) we obtain 
J L1 u2h2 5 g-( j+;pu:4’z( /$i~)1’2 
(3.5) 
The cross-sectional estimate analogous to (3.1) requires the introduction of 
“higher-order energies.” We have, by virtue of (1.3), 
Therefore, use of (1.6) in (3.6) leads to 
(3.7) 
where the higher-order energy E,(z) is defined by 
E,(z) = J, PU,~IU,,~ &I. (3.8) 
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Hence, to obtain an exponential decay estimate for the cross-sectional norm 
on the left in (3.7), we must first establish a decay estimate for the 
higher-order energy E,(z). It is shown in Appendix B that, in Case 1, if in 
addition to (1.6) we impose the hypotheses 
P = P(4*), 
p + 2p’q* 2 cp, c (constant) > 0, 1 
(3.9) 
for all solutions u and at all points of R, then 
E,(z) s 4c-*(l + c)C1e-2k1r, z 2 0, (3.10) 
where k, is given by (2.2) and 
Cl = E0exp[2mm,K,E0/( M,Zh*) + 2/c,]. (3.11) 
The condition (3.9), is equivalent to assuming that (1.1) is unvormly elliptic 
(see, e.g., p. 203 of [ll]). The largest possible constant c in (3.9) is called the 
elliptic&y constant. Thus, substitution of (3.10), (2.1) in (3.7) yields the 
cross-sectional decay estimate 
J Ivu12 dx, I C2e-2kl’, L: z 2 0, (3.12) 
where 
C2 = 4(m,c)-‘(1 + c)“*E0exp[2 nmlKIEo/( M,2h2) + k,]. (3.13) 
Pointwise estimates for u which are uniformly valid up to the boundary 
of R may be derived as follows: We have, at all points P(z, x2) E 2, 
and hence 
(3.15) 
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the last equality here following by virtue of (1.3). Thus 
On substitution from (2.1) and (3.10) in (3.16), we obtain the pointwise 
decay estimate, for all P E R, 
Iu( P)( 5 C3e-2k1z, z 2 0, (3.17) 
where 
C, = h(m,c)-‘(1 + c)“2E,exp[2 7r’m,K,E()/( M,2h2) + k,]. (3.18) 
To conclude this section, we now show how the pointwise estimate (3.17), 
(3.18) in Case 1 can itself be used to yield the energy estimate 
E(z) I C4eCZk’, z 2 0, (3.19) 
with 
i 1 
l/2 7T 
k=!$ --’ 
1 
and the constant C, given by (3.27) below. This supplies a faster estimated 
decay rate in Case 1 than that given by (2.2) of Theorem 1. Of course, since 
we make use of the result (3.17), (3.18), the estimate (3.19), (3.20) will be 
established in Case 1, with the additional hypotheses (3.9) being assumed. 
To prove (3.19), (3.20), we begin with inequality (2.10) and use both sides 
of the inequality (1.6) of Case 1 to get 
J?‘(Z) + 2K(Z)E(Z) I - I,.( mlu; - K21&U2 - K,pU2q2) dx,, 
(3.21) 
for any positive function K(Z). This yields 
E’(z) + 2K(Z)E(Z) I - j!-.(m,u:, - K2MlU2) dx, + KlluM12/LTpq2dx2, 
(3.22) 
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where 1~~1 denotes the maximum of IuI on L,. Using the inequality (2.32) 
and the choice K(Z) = k, where k is given by (3.20), in (3.22) leads to 
E’ + 2kE I -E’(z)K,lu,12, (3.23) 
where (2.8) has been employed in rewriting the last integral in (3.22). The 
pointwise decay estimate (3.17) may now be used in (3.23) to yield the 
differential inequality 
E’ + 2k(l + K,C,2e-4/“‘)-1E I 0, (3.24) 
which may be integrated to give 
-2/‘k(l + KIC&-4kl~)-‘d{ . 1 (3.25) 0 
Using the inequalities 
= z + K,C:( e-4kl’ - 1)/4k, 
> z - K,C,2/4k,, (3.26) 
we obtain from (3.25) the desired result (3.19), where 
C, = E,exp( K,C:/2k,), (3.27) 
and C, is given by (3.18). 
We remark that once (3.19) has been established, with the improved 
estimated ecay rate k given by (3.20), one can now repeat the arguments of 
Section 3 using this sharper estimate for E(z). Thus the estimated decay 
rates in the results (3.1), (3.3), (3.5), (3.10), (3.12) and (3.17) for Case 1 
subject to (3.9) can now be taken as k rather than k,. 
4. REMARKS AND APPLICATIONS 
Theorem 1 has been established for solutions of a Dirichlet problem 
associated with (1.1). An identical result holds for the corresponding 
Neumann problem, which is frequently the problem encountered in applica- 
tions. To see this, consider Eq. (1.1) on R, subject to the boundary 
conditions 
~.&Q) = u,Jxp h) = 0, x1 2 0, (4.1) 
u, u,, + 0 (uniformly in x2) asx, --, co, (4.2) 
PU,, = g(x2) on x1 = 0, 0 I x2 I h. (4.3) 
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The prescribed function g, assumed sufficiently smooth, must also satisfy 
the “self-equilibration” condition 
(4.4) 
which follows from application of the divergence theorem to (1.1) and use of 
the boundary conditions (4.1)-(4.3). In fact, the same argument shows that 
/ L: 
PU,, dx, = 0, z 2 0, (4.5) 
on every cross section L,. The proof of Theorem 1 given in Section 2 carries 
over, with minor modification, to cover the Neumann problem (Ll), 
(4.1)-(4.4). On using (4.5), one may replace u in the second term on the 
right in (2.9) by the function u1 = u - Ii,( or u2 = u - E2(x1), where 
%(x1) = j-jdthM2,ii2(xl) = ;Jdhp-‘ud*,, x1 2 0, (cases 1,2). 
By definition, 
(4.6) 
J h pu, dx, h = 0, J 0 p-‘u,dx, = 0, x1 2 0. (4.7) 0 
Completing squares as before, one easily obtains the analog of (2.10), where 
u and u 2 are replaced by u,, u~,~ (= u3), respectively. The remainder of the 
proof id the same, except that (2.18) (and (2.21)) are replaced by the 
inequalities 
dt (a = 1,2), (4.8) 
valid for functions u,(t) satisfying the constraints (4.7). 
For the special case in which p = constant in R, (1.1) reduces to 
Laplace’s equation, and we may choose K, = 0, m, = Ma in (1.6), (1.7). 
Thus our estimate (2.1), (2.2) now reads 
E(z) 5 Eoe-2”‘/h, z 2 0, (4.9) 
which is, of course, a well-known result for Laplace’s equation. The decay 
rate is optimal in this case. 
From (1.6), (1.7), we have m, I M,, and so the estimated ecay rate k, 
(given by (2.2)) for the general quasilinear equation (1.1) is never faster than 
that for Laplace’s equation. Whenever m, = M,, the estimated ecay rate is 
at least as fast as that for Laplace’s equation. (Note that the estimated ecay 
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rate k, in Theorem 1 provides a lower bound for an actual rate of decay.) 
As an example, consider the minimal surface equation (1.11) given by 
(w,J,, = 0, (4.10) 
where 
p = (1 + 92)-1’2, q2 = Ivz.@. (4.11) 
It is easily shown that this choice of p may be described by Case 2, with 
- M2 = 1 and K, = 1 in (1.7). Thus, for the minimal surface equation, 
;!li (2.2) read 
E(z) 5 Eoexp(2nEo/h2)e-2”“h, z 2 0, (4.12) 
where the energy (1.5) is given by 
E(z) = Lwq2(1 + q2)-1’2d4. (4.13) 
Arguments based on comparison principles have been used to establish 
pointwise decay estimates for solutions of DirichIet problems for quasihnear 
elliptic equations in [6]. Similar techniques have been employed by Knowles 
[5] for the particular case of the minimal surface equation. He obtains an 
estimated decay rate which is identical to that given by (4.12). 
As we remarked in the Introduction, ellipticity of (1.1) is not assumed in 
the present work, with the exception of Appendix B, where the uniform 
ellipticity hypothesis (3.9) is used to obtain higher-order energy estimates. 
As an example of a non-elliptic equation for which the main results of this 
paper hold, consider the case when 
p = p(q2) = 1 + d(1 + qy, d>O. (4.14) 
It is easily verified that the ehipticity condition (1.8) is violated for suffi- 
ciently large d and q2. However, we see from (4.14) that 
l<p<l+d, (4.15) 
so that p given by (4.14) may be described by Case 1 (see (1.6)) with 
pi = 1, Mi = 1 + d, K, = 0. In fact, since p is uniformly bounded, we 
can use the estimate (2.34), (2.29) to obtain 
E(z) 5 ~Oe-2n’/h(l+dY*, z 2 0. (4.16) 
The example (4.14) is interesting from another viewpoint, since this p may 
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also be described by Case 2 (see (1.7)) with m2 = kf2 = (1 + d))‘, K, = 
d(1 + d)-2. Theorem 1 now yields the estimate 
E(z) I Eoexp 2Td E,, e-2nz/h, [ 1 (1 + d)2 z 2 0. (4.17) 
Thus, for this example, we have the two alternative estimates (4.16), (4.17) 
available. The former has a smaller factor multiplying the decaying ex- 
ponential, while the latter has a faster estimated ecay rate. 
A wide class of problems in the theory of finite elasticity, concerning 
deformations governed by states of Jinite anti-plane shear, may be described 
by Neumann (or Dirichlet) problems for quasilinear equations of the form 
(l.l), where p = p(q2). Exponential decay estimates for such problems in 
semi-infinite strips have been obtained in [8,9] using techniques based on 
comparison principles. The assumptions on p made in [8,9] are somewhat 
different from those of the present paper and are motivated by considera- 
tions arising in elasticity theory. In particular, in these references, (1.1) is 
assumed to be elliptic, and in some cases uniformly elliptic. To illustrate the 
application of our results to these elasticity problems, we consider as in [8,9] 
the class of power-law (isotropic incompressible lastic) materials for which 
p = ~(1 + bq2/n)“-l, (4.18) 
where p, b, and n are positive constants. The case n = 1 in (4.18) corre- 
sponds to the Neo-Hookean material for which p is constant and (1.1) is the 
Laplace equation. When n = f, Eq. (1.1) is reducible, by a change of scale, 
to the minimal surface equation. From (4.18) it follows that p’ > 0 or p’ < 0 
according as n > 1 or n < 1, respectively. The material is said to harden or 
soften in shear in these situations [8]. When p is given by (4.18), it is easily 
verified that the ellipticity condition (1.8) holds if n 2 f and that the 
uniform ellipticity condition (3.9), holds if n > i. When n > 1, it is readily 
verified that p, as given by (4.18), may be described by Case 1, with 
m, = Mi = p, and K, = b(n - 1)/n. Thus, in this case, (2.1), (2.2) yield 
the estimate 
2a(n ‘IbE, 
- E(z) 5 E,,exp 
pnh2 
1 e-2nz/h 5 z 2 0. (4.19) 
The pointwise decay estimates obtained in [8,9] for n > 1 have an estimated 
decay rate which coincides with that of (4.19). For 4 I n -c 1, Case 2 
applies with m2 = M2 = p-l. It turns out that K, in (1.7) has two different 
values depending on the range of values of n. For f I n < 1, K, = 
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b(l - n)/(p’n) and (2.1), (2.2) read 
2?r(1 n)bEO 
- E(z) 5 EOexp 
pnh2 
1 e-2nz/h 3 z 2 0. (4.20) 
For i I n I 3, K, = b/(p’n) and (2.1), (2.2) yield 
E(z) I E,exp - e [ 1 2mbEf, -2z,hpnh2 3 z 2 0. (4.21) 
We note that the pointwise estimates obtained in [8,9] when i < n < 1 
have an estimated decay rate which is slower than that of (4.20), (4.21). 
Observe that as n + 1, both results (4.19), (4.20) reduce to the estimate (4.9) 
for Laplace’s equation. 
The stream function in compressible fluid flow is also governed by an 
equation of the form (1.1) (see, e.g., [12,13]) with 
P = p(q2) = (1 + 42)-y, $<y<l. (4.22) 
When y = i, we have the Karman-Tsien fluid for which (1.1) becomes the 
minimal surface equation and the result (4.12) holds. For subsonic flows, an 
a priori bound on the maximum fluid velocity, that is, on max,q2 = qh is 
imposed [12,13], which ensures that (1.1) is elliptic. Since our analysis does 
not require ellipticity, it has application to transonic flow problems and 
results for smooth transonic flows are provided by Theorem 1. Thus, for p 
given by (4.22), it may be shown that (1.7) of Case 2 holds with the choice 
m 2 = M2 = 1, K, = ~(1 + q,&)y. Hence, if q,,, were known, (2.1), (2.2) 
would yield the explicit estimate 
E(z) I E,exp[Zny(l + q,&)YE,,/h2]e-2nz/h. 
Of course, to account for the possibility of shock formation in transonic 
flows, decay estimates for weak solutions would be necessary. 
APPENDIX A. TOTAL ENERGY BOUNDS 
The total energy 
E, = E(O)= /RpIv~j2dA (A-1) 
contained in the semi-infinite strip R appears on the right-hand side of the 
basic estimate (2.1). Here we show how this quantity may be bounded above 
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in terms of the boundary data and the strip width. We start with the 
Dirichlet problem (l.l)-(1.4). For an arbitrary C’ function cp(x,), defined 
on R, Schwa&s inequality yields 
If 9 is chosen such that 
+=uonthesidesx,=Oandx,=O,h, 
+ -+ 0 (uniformly in x2) as xi + cc, 
then use of the divergence theorem and (l.l)-(1.3) shows that 
~~,&,a a!~ = - ~owu,l dx, = E,, 
the last equality following from (2.7). Thus (A.2), (AS) imply that 
(A.3) 
(A -4) 
4, 5 J R 
~+,a+,, dv 
where p = p(x,, u, vu). 
(A.5) 
(A-6) 
In Case 2, an explicit estimate for E,, follows immediately from (A.6). On 
using the left-hand inequality in (1.7) for Case 2, we obtain from (A.6) 
(A-2) 
where cp must be chosen to satisfy (A.3), (A.4). One such choice for Q is 
$I = f(x2)evYx1, Y ’ 0, (fw 
where f is the prescribed boundary function in (1.4). Thus (A.7) yields 
1 
E,s - J( h f.2' + v2f2) dx,. 2v2 0 
Choosing y to minimize the right-hand side of (A.9) yields the bound 
E, I ~(~h~2dx2)1'2(~h~:dx2)1'2~ (A.lO) 
in Case 2. 
In Case 1, it appears that an a priori restriction on the boundary data is 
necessary in order to obtain a result comparable to (A.lO). From (A.6) and 
DECAY ESTIMATES FOR QUASILINEAR EQUATIONS 327 
the right-hand inequality in (1.6) for Case 1, we obtain 
Thus if 
(A.ll) yields the upper bound 
(A.ll) 
(A.12) 
(A.13) 
With the choice of $I given by (A.S), it is easily seen that 
mxW@,,l = ;$.f,: + y2f2) = ~ah)l9(~~~~). 
Hence, if 
;y%29u) < &‘Y 
we have the upper bound in Case I 
(A.14) 
(A.15) 
Eo 5qpc X2,Y)dX2/2Y [ 1 -9y(X2,Y) , 1 (~.16) 
for any arbitrary constant y > 0. 
Total energy bounds for the Neumann problem (l.l), (4.1)-(4.4) may also 
be obtained. For Case 1, we begin with the representation (2.7) for E, and 
hence 
Eo = -j-W% = - IL.(u - a)@,, ii = h-‘cudx, (A.17) 
where we have used (4.4) to write the last term in (A.17). Therefore, by 
Schwa&s inequality and the boundary conditions (4.2), we obtain 
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On using Schwarz’s inequality, the definition of U in (4.6) and the inequality 
(cf. inequality (4.8)) 
/,‘u - iq*dA I $@JA, (A.19) 
it may be shown from (A.18) that 
In Case 1, we use the fact that p 2 m,, to deduce from (A.20) that 
which yields 
h 
E. I - 
J g* dx, “ml L” 
(A.21) 
(A.22) 
in Case 1. 
In Case 2, our starting point is the Schwarz inequality 
for any vector field u, defined on 3. The first integral on the right in (A.23) 
is just Ea. If u, is chosen sufficiently smooth and such that 
U = a.a 0 on R, (A.24) 
u2(x1,0) = u&q, h) = 0; u,(o,x,) = -PU,, = -g, (A.25) 
u, + 0 (uniformly in x2) asx, + cc, (~.26) 
then use of the divergence theorem, (A.24)-(A.26), and (4.1)-(4.3) shows 
that 
- 
/ u,&.JA = - J puu,, dx, = E,, (A.27) R Lo 
the last equality following from (2.7). Thus (A.23), (A.27) yield 
E, < / 
p - lvau, dA , 
R 
(~.28) 
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where p = p(xu, u, VU). On using the right-hand inequality (1.7) for Case 2 
in (A.28), we obtain 
E, I /( 4 + K,q*p) UJJ, dA R 
Thus if 
I Ml 
/ 
vava dA + K, max 1 v,v, 1 E, . 
R R 
1 - K,max(u,v,l > 0, 
R 
(A.29) yields the upper bound 
-1 
1 - K,maxlv,u,l 1 J M2 v,v, dA. R R 
(A.29) 
(A.30) 
(A.31) 
One choice of the vector field u, satisfying (A.24)-(A.26) is 
v1 = -g(x2)e-7-r1r v2 = -y(Jlo‘2g(~)dq)e~7x~, y > 0, 
(A.32) 
where &x2) is the prescribed boundary function in (4.3) and the self-equi- 
libration condition (4.4) has been used to ensure the satisfaction of the first 
part of (A.25). It is readily verified that 
m$waI = ;01:[ g2 + Y2(~%d dvi2] = ;;5%2q~). 64.33) 
Hence, if 
;y3(x*,Y) < K,', (A.34) 
we have the upper bound in Case 2 
Eo 5 M2ih9( x2,y) dx,/2y 1 - K,;ah:$(x,,~) 9 1 (A.35) 
for any arbitrary constant y > 0. 
APPENDIX B. DERIVATION OF (3.10), (3.11) 
The role played by the higher-order energy 
ow 
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in establishing cross-sectional and pointwise estimates has been discussed in 
Section 3. Here we derive the decay estimate (3.10) (3.11) for this quantity 
in Case 1. We shall show that, under the hypotheses (3.9), E,(z) satisfies the 
inequality 
E,(z) 54c-2(1 + c)E(z - l), (B.2) 
where c is the ellipticity constant introduced in (3.9). The energy decay 
estimate (2.1) in Case 1 may then be used in (B.2) to yield 
E,(z) s4c-2(1 + C)Cle-*Q, z 2 0, (B.3) 
where k, is given by (2.2) and 
Cl = E,exp[Z?rm,X,E,/( Mth*) + 2k,]. (B.4 
This establishes (3.10), (3.11) as desired. 
The proof of (B.2) makes use of a cut-off function w(xr) defined as 
follows: 
I 
0, 0 <x,<z-1 
.-q -(z - l), z-l <Xl<Z 
w(q) = 1, Z <x,<z+N (B.5) 
N+l-x,, z+N <x,<z+N+l 
0, z+N+l<x,, 
where N is an arbitrary positive constant. This is used so that we may avoid 
the need for invoking assumptions on the behavior of second derivatives of 
u as x1 + cc. Using the divergence theorem, the differential equation (1.1) 
when p = p(q*), and properties of the function w defined in (BS), it can be 
shown that 
- 
/ [ R, 
w* PU,,lU.,l + 2P’~,a~,aGQ3”,/3~l dA 
+2( [-, + [+y+l)JaPu: dx, dx, + 2JR ww,lpu,lu,ll d4 = 0. 
(B-6) 
On employing the uniform ellipticity assumption (3.9), (with ellipticity 
constant c) in the first integral in (B.6), the inequality 2ab I (c/2)a2 + 
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(2/c)b2 and properties of wS1 in the last integral, it follows that 
C J, w*~u,,~u~,~ dA I 2/z+N+1ihpufl dx, dx, 
r-l 
+; 
J R; 
w*puf+iA + ;~i_:N+1japu;dx2dxl. 
(B.7) 
The second integral on the right in (B.7) has the integral on the left-hand 
side as an upper bound and so we find from (B.7) that 
/ R: 
w*Pu,,+,,~ dA 5 (4 + $)~;-:N+lluhpU:dX,dl. (B.8) 
By virtue of the definition of w in (B.5), (B.8) may be written as 
~z+N+1~hw2pu,a~~,a1 dA I 4c-*(l + ~)/~+~+~~~pu;~ dx,dx,, 
z-1 z-1 
(B-9) 
which implies that 
~2+N+1JaW*pu,alu,,dA 5 4c-y1 + c)~~~N+1~puJ4&4. 
(B.10) 
On letting N + 00 and recalling from (B.5) that in this case w = 1 for 
x1 > z, we obtain from (B.lO) 
/, pu.a1u,,1 dA s 4c-*(l + c)/,-- pu,au,adA, 
- 1 
(B.ll) 
which is the desired result (B.2). 
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